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Abstract—A probabilistic approach to determining the final dimensional accuracy of a manufacturing prod-
uct is considered. In this approach, the random action of many factors on the accuracy is taken comprehen-
sively into account, regardless of the physicomechanical properties of the materials, the shaping method, and
the characteristics of the metal-cutting tool. The method is based on simulation.
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The structure of the model in simulation and the
procedure for determining the input parameters were
considered in [1–4]. On the basis of the test results,
the statistical output characteristics of the model were
calculated in accordance with probability theory and
statistics [5, 6].

The output characteristics are determined as fol-
lows.

1. The test index (TI). In simulation, each test
result is determined in accordance with the expression
SC < CPP < L + SC. Here SC is the starting coordi-
nate in simulation; and CPP is the coordinate of the
physically significant technological perturbation in
forming the final dimension Li during the machining
process. The test index is assigned the value 1 (or
True) if there is a physically significant technological
perturbation and the value 0 (or False) otherwise. A
value of 1 corresponds to a single perturbation of the
dimension Li; and a value of 0 to no perturbation.

2. The probability of perturbation. The probability
of perturbation of the dimension Li in a series of tests
(ntot = 300) is determined from the formulas

where  is the total number of perturbations of

Li in the series of tests; and  is the total number
of tests in the series corresponding to stabilization of
the relative frequency of perturbations of Li. Note that
0 ≤  ≤  and 0 < L < 3500.

The number of perturbations  of the final
dimension Li corresponding to physically significant
technological perturbations in simulation is deter-
mined from the condition SC < CPP < L + SC. If this
condition is true, there is a perturbation of dimension
Li; otherwise, there is no perturbation.

We determine  and  from the for-
mulas

For all the L values considered in each series of
tests, the total number is assumed to be  = 300.
That guarantees stabilization of the current value

 and ( )cu, where PP denotes a physically
significant technological perturbation. In this case, in
other words, the calculated values are as close as pos-
sible to their mathematical expectation, and the mean
square deviation is a minimum, according to [5–8].
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3. The relative perturbation coefficient . In sim-
ulating the formulation of the accuracy of Li, the rela-
tive technological perturbation coefficient for a single
test is determined from the formula

where i is the index of the specific final dimension.
In physical terms,  is the mean number of per-

turbations per unit length of Li in a single test.

4. The mean relative perturbation coefficient .
The mean relative technological perturbation coeffi-
cient for a group of m final dimensions from the set Li
in a single test is determined from the formula

where Li is any positive integer.
Each dimension Li is investigated in constant sim-

ulation conditions. In physical terms,  is the mean
number of perturbations per unit length of Li in a sin-
gle test, with constant simulation conditions, for a set
of m different Li values.

To define the accuracy of the final dimensions on
the basis of probabilistic simulation, we consider the
formation of the dimensional error [9–14].

1. The error is not formed continuously, but only at
the instant of the physically significant technological
perturbation. At that moment, the perturbation dis-
torts the final dimension by the unit Δδi of accuracy.

2. The error is not formed at once, but as a sum of
suberrors corresponding to each perturbation of the
final dimension, with specified conditions in the series
of tests.

3. We assume that the coefficient —the mean
relative technological perturbation coefficient for a
group of m final dimensions from the set Li in a single
test (with fixed machining conditions)—is constant
and is equal to the accuracy unit Δδi of the machining
operation: Δδi = .

Under these assumption, for each of the m ele-
ments in the group of Li values (1 ≤ i ≤ m), the error
δs(Li) is determined as the product of the accuracy unit
Δδi (or the coefficient ) and the total number of
perturbations  for Li in simulation

In determining , we take account of the
probability of perturbation in the final dimension
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where . Then

Let

Then

(1)
This is a probabilistic model for determining the

accuracy of the dimension Li in simulation. To adapt
the model to a specific practical case, we determine
the similarity coefficient K, on the basis of the follow-
ing principles.

1. The dimensions of K are chosen so as to ensure
that the dimensions of the comparable quantities of
the object of analysis and the model are the same. In
the present case, this means that the left and right sides
of Eq. (1) will be equal.

2. The numerical value of K is such that the value of
the experimental parameter and the value calculated
from Eq. (1) are the same at the corresponding point
or points—that is, points for which there are dimen-
sional relations of the process parameters with a
numerically identical value.

In the light of the foregoing, we specify the dimen-
sional relation of the parameters for solution of our
problem. To that end, we introduce the scale parame-
ters Ss and Sob for the model and the actual object,
respectively, taking into account that P(L) = 1 – e−CL.
We find that

where Ss and Sob are dimensional parameters for the
model and the object;  and  are the accuracy of
the object and the simulation based on the model; K is
the dimensional similarity coefficient of the model,
mm2; and the dimensions of the parameters in terms
of the length L (mm) are given in the square brackets.

In Fig. 1, we show the dependence of the accuracy
 and the probability Ps(Li) of perturbation of the

final dimension in simulation on the dimension Li.
In Eq. (1), we analyze the mean relative technolog-

ical perturbation coefficient Сs. In physical terms, Сs is
the mean number of perturbations per unit length of Li
over a series of tests ntot—that is, over the whole cycle
in which each dimension Li is formed, in constant
machining conditions. Thus, Сs corresponds to identi-
cal machining conditions or identical manufacturing
operations at a specific workstation.
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Taking into account that , while
, we may write

or

The actual final dimension is

or

Hence

In scientific research, it is often necessary to deter-
mine the relation between outcomes and variable fac-
tors. Correlation analysis has been developed for that
purpose.

A correlation is useful when a quantity corresponds
to several other quantities. The correlation may be lin-
ear or nonlinear. In a linear correlation, equal changes
in one quantity correspond to equal changes in the
mean values of the other quantities. In a nonlinear
correlation, equal changes in one quantity correspond
to unequal changes in the mean values of the other
quantities.

A correlation may be direct or inverse. In a direct
correlation, increase in one quantity is associated with
increase in the mean value of another quantity. The
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corresponding correlation coefficient is positive. In an
inverse correlation, increase in one quantity is associ-
ated with decrease in the mean value of another quan-
tity. The corresponding correlation coefficient is
negative.

A correlation may be represented by tables, a graph,
or a coefficient (or ratio). In a correlation graph, the
coordinates of the points are quantities corresponding
to a single object. Tables and graphs provide only a
general idea of the presence and direction of the rela-
tionships. Only the correlation coefficient permits
measurement and assessment of their statistical reli-
ability.

The correlation coefficient is a number corre-
sponding to the strength and direction of the relation
between the given random quantities. In speaking of
the correlation coefficient, we almost always mean the
Pearson correlation coefficient, which may only be
calculated if the relation between the variables is linear
and the variables are normally distributed.

In the present work, by investigating the formation
of the final dimension on the basis of simulation and
analysis, we determine the theoretical probability from
the expression P(L) = 1 – e−CL and also the probability
Ps(Li) derived by simulation (Fig. 2). We find that the
final dimension R = 0.98 (Fig. 3).

We use the traditional method of correlation anal-
ysis [2]. On the basis of the correlation coefficient, we
judge the correctness or error of our hypothesis: that
the dependence Ps(Li) is exponential in simulation. In
the analytical calculations, we assume that the coeffi-
cient is equal to the mean relative perturbation coeffi-
cient Сs over a cycle or a series of tests ntot—that is, the
coefficient of identical technological perturbations
(CIP) determined in simulation [4].

Excel software is used for correlation analysis. After
preliminary determination of Ps(Li) and Pca(Li), the

Fig. 1. Dependence of the accuracy  and probability
Ps(Li) of perturbation on the final dimension Li in simula-
tion. 
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corresponding data sets are analyzed so as to deter-
mine the correlation equation and correlation coeffi-
cient (Fig. 3).

In machining a batch of workpieces on a machine
tool, the true dimension of each workpiece may be any
random quantity within a certain interval, as a result of
random factors.

Research by Yakhin, Zykov, and others shows that
the distribution of the actual workpiece dimensions in
a fixed machine-tool setup is often normal (Gauss’s
law). This may be explained by a familiar principle of
probability theory: the distribution of the sum of a
large number of mutually independent random terms
(if each one has negligible and approximately equal
influence on the sum and no dominant factors are
present) is normal (Gaussian).

For the sake of expediency, monitoring data for the
machining process should be expressed as a theoretical
distribution as similar as possible to the experimental
distribution. The hypothesis regarding the form of the
distribution is verified by the Pearson, Kolmogorov,
and other tests. Most often, the Pearson statistic χ2 is
used. However, large quantities of data are required for
that purpose. For example, for the Pearson test, data
sets no smaller than 50–100 are recommended.
Therefore, with small samples, the hypotheses regard-
ing the form of the distribution are tested by approxi-
mate methods—graphically or on the basis of the skew
and kurtosis.

To verify the hypothesis of a normal distribution,
we will use the experimental results from three
repeated series (each with 56 tests), for a test dimen-
sion L = 100, using MS Excel functions.

Graphical analysis is the simplest method of
assessing compliance with a specific distribution, but
it is very approximate. The results are arranged in a

variational series. Then for each result xi, the accumu-
lated frequency is calculated from the formula

where i is the number of the result in the variational
series; and n is the sample size.

If we use the accumulated frequencies as the distri-
bution functions, the corresponding quantile of the
presumed distribution may be found for each W(i). In
particular, for a normal distribution, we find the quan-
tile of the standard normal distribution zi, which is cal-
culated from the MS Excel NORMSINV statistical
function. The results are shown in Fig. 4 in the coor-
dinates x and z, on the assumption that the quantities
xi are quantiles of the same distribution as zi. In that
case, there should be a linear relation between x and z.
If the points deviate only slightly from a straight line,
we assume that the results are satisfactorily described
by the chosen theoretical distribution. With large devi-
ations from linearity, the experimental distribution
does not correspond to the chosen theoretical curve.
In Fig. 4, the points lie close to a straight line, and so
we accept the hypothesis of a normal distribution.

We may also use the skew and curtosis to approxi-
mately verify the hypothesis of a normal distribution.

The skew reflects the degree of asymmetry of the
differential curve of the experimental distribution with
respect to the differential curve for a normal distribu-
tion. It is calculated from the formula

The kurtosis reflects the elevation of the differen-
tial curve of the experimental distribution with respect
to the differential curve for a normal distribution. It is
calculated from the formula
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Fig. 3. Correlation of the probabilities of perturbation of
the final dimension Li obtained by simulation and analysis. 
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Statistical functions are built into Excel software
for the calculation of А (the SKEW function) and Е
(the KURT function).

For random values of А and Е, their dispersions
may be calculated from the formulas

The results obtained are as follows

If  and , the distribution
is assumed normal. But the hypothesis is rejected if

  and   .
In the present case, we obtain the results

We see that the distribution may be assumed normal.

CONCLUSIONS
On the basis of simulation, we have considered the

accuracy of the final dimension in machining. The
outcome of the simulation—the accuracy of the final
dimension—is found to have a normal distribution,
while the graphical dependence P(Li) = f(Li) increases
nonlinearly, at a rate that gradually slows with increase
in Li. When using two methods—simulation and anal-
ysis—high correlation of the results is obtained. The
correlation coefficient is R = 0.98 (Fig. 3). That indi-
cates reliability of the results.
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