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REFLECTION OF THERMOELASTIC WAVE 
ON THE BORDER OF ISOTROPIC HALF-SPACE 
AND ANISOTROPIC MEDIUM WITH 
THERMOMECHANICAL EFFECT

Analysis for the thermoelastic wave propagation in a tetragonal 
syngony anisotropic medium of classes 4, 4 , 4/m having heterogeneity 
along Z axis is investigated in the contexed of matrizant method. For 
this medium presence of second order axis symmetry for which Z axis is 
parallel is typical. For the case of 4th order matrix coefficients problems of 
wave refraction and reflection on the border of homogeneous anisotropic 
thermoelastic mediums were solved analytically.

Keywords: Anisotropic medium, thermoelasticity, Fourier heat 
equation, harmonic waves, dispersion, periodic structure, matriciant.

I. Introduction
The coupling between thermal and mechanical fields in solid bodies gives 

rise to the dynamic theory of thermoelasticity. The theory has many applications 
in various engineering fields for instance, earthquake engineering, soil mechanics, 
aeronautics, nuclear engineering, ets. It is well known that the classical theory 
of thermoelasticity [1,2] rests upon the hypothesis of the Fourier law of heat 
conduction, in which the temperature distribution is governed by a parabolic-
type partial differential equation. The theory predicts that a thermal signal is 
felt instantaneously everywhere in a body. This is unrealistic from the physical 
point of view, especially for short-time responses. To account for the effect of 
thermal relaxation, generalized thermoelasticity has been formulated on the basis 
of a modified Fourier law, such that the temperature distribution is governed by 
a hyperbolic-type equation. Accordingly, heat transfer in solids is regarded as a 
wave phenomenon rather than a diffusion phenomenon.

The investigation of wave propagation in anisotropic medium with various 
physical and mechanical properties has been carried out with the matricant method 
[3,4,5]. 

The application of matricants method for non-destructive testing and 
wave propagation in thermo elastic media is considered [6]. In the paper [7], 
waves propagating along an arbitrary direction in a heat conducting orthotropic 
thermoelastic plate are presented by utilizing the normal mode expansion method 
in generalized theory of thermo elasticity with one thermal relaxation time. In the 
paper [8], authors studied the interaction of free harmonic waves with multilayered 
media in generalized thermo elasticity by utilizing the combination of  the linear 
transformation formation and transfer matrix method approach. 

In this paper, we have investigated the wave propagation in anisotropic 
inhomogeneous medium. A new method of matricant has been developed. The 
structure of matricant for the equation of motion, equations in elastic and equations 
of thermo-mechanical medium has been established. Wave propagation in infinite 
and finite periodical inhomogeneous media are studied. Solutions obtained are 
general and pertain to several special cases. Of these mention: (a) dispersion 
characteristics for a multilayered.

II. Problem and basic relations
Propagation of thermo elastic waves in anisotropic media is based on the 

simultaneous solution of equations of motion, the Fourier heat equation and the 
equation of heat, which have the form [2]:

� (1)

� (2)

� (3)

where  – stress tensor, ρ – density of medium, – thermal conductivity 

tensor, iq – vector of heat gain, ω  – circular frequency, – thermomechanical 
parameters of medium, – tensor of small Cauchy deformation, εñ  – heat 
capacity under constant deformation, θ =Т-Т0 – temperature increase compared 

with the temperature of the natural state Т0, 1
0


Ò
θ

 for small deformations.

Physical and mechanical quantities are related by Duhamel-Neumann:
� (4)

Equations (1) – (4) determine the relationship of mechanical stress and 
temperature as a function of the independent variables - the thermal field and 
deformation.



ISSN 1811-1807. Вестник ПГУ74 серия ФИЗИКО - МАТЕМАТИЧЕСКАЯ. 2014. № 2. 75

Based on the method of separation of variables, equation (1), (2), (3), (4) are 
reduced to a system of ordinary differential equations (medium heterogeneity is 

assumed along the Z axis, axis z 2À ):

� (5)

Where
[ ] )exp(,,),(,),(,),(),,,( inyimxtiqzuzuzutzyxW t

zyzyxzxzzz −−= ωθσσσ


� (6)

– column vector of the boundary conditions; while
[ ]lnmzzcBB ijijkl ,,,,),(),( ωθβ= � (7)

– coefficient matrix whose elements contain the parameters of the medium in 
which thermoelastic waves propagate; m, n, l - the components of the wave vector.

In this paper, the analysis of the coefficient matrix allowed us to determine 
the polarization of the waves and their relationship spreading with the influence 
of the thermomechanical effect.

III. Formulation of the problem
Let’s consider the problem of thermoelastic wave reflection at the interface 

between isotropic and anisotropic half-space environment tetragonal syngony 
classes 4, 4/m with the thermomechanical effect. Because of the thermo-mechanical 
effects in a thermoelastic medium bound thermoelastic waves propagate.

Let the interface is z = 0 plane. We orient anisotropic medium in such way 
so that the axis of a Cartesian coordinate system coincide with the corresponding 
crystallographic axes. Let on the interface of an isotropic medium heat wave falls, 
that is, the heat flux vector lies in the plane of incidence. The plane of incidence 
is the plane containing the normal drawn to the interface and the wave vector.

Figure 1.

In this case, the incident thermal wave in an anisotropic medium is related 
to the elastic longitudinal wave of z polarization, and a system of first order 
differential equations (5) can be written as:

� (8)

System (8) as it was above can be written in matrix form:

wB
z
w 


2d
d

= � (9)

where 

� (10)

The index «2» in front of the coefficient matrix indicates the second medium; 
components of the matrix of coefficients (10) have the form:

,	 ,	  

 
Let’s write matricant of the second medium (direct wave):

)(
2
1)0( 22 RiET α+=+ 	�  (11)

α  is given by:

)(
1

2222 uÒuÒ kkkk +
=α � (12)
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Indices of «T» and «u2» mean z-components of the wave vector in the 
second medium. 

For matrix coefficients from (10)

� (13)

� (14)

We introduce the notations:
� (15)

� (16)

We introduce the matrix 2R  for the matrix coefficients (10), as a result we 
obtain: 

	� (17)

where 

; 

.
As in an isotropic medium incident heat wave is not related to the elastic, so 

that the structure of the coefficient matrix in this case takes the form:

� (18)

The index “1” in front of the coefficient matrix means the first medium:

As seen from (18), the coefficient matrix is divided into two matrices of second 
order, so matriciant of the first environment can be written by using 

� (19)

As a result, we obtain

� (20)

where  and  – z-components of the first medium’s wave vectors.

� (21)

Substituting in the definition of the matrix G matricant of the second medium 
at z = 0 (11), with the structure of the matrix (17), and matricant of the first medium 
at z = 0 (20), we obtain the matrix

� (22)

with elements

 



ISSN 1811-1807. Вестник ПГУ78 серия ФИЗИКО - МАТЕМАТИЧЕСКАЯ. 2014. № 2. 79

Vector of the incident wave amplitude can be written as:
t

000 )q,,0,0(w θ=


� (23)
Condition (23) relates the amplitude of the temperature increment 0θ  and 

heat flux 0q of fields of the incident heat wave

� (24)

The expression for the matrix G  (22), the vector of the incident wave 
amplitude (23) allow us to write the vector of amplitudes of reflected and refracted 
waves:

� (25)

� (26)

From the expression for the vectors of amplitudes of reflected and refracted 
waves (25) and (26) it can be seen that due to the fall of the heat wave tr uu =  
and tr σσ = . 

Conditions (19) and (20):
rrrefl wwTw  == − )0()0( 1 � (27)

tt2refr ww)0(T)0(w 
== +

� (28)
relate the amplitude of the displacement and stress and the amplitude of temperature 
and heat flux of reflected and refracted waves:

� (29)

� (30)

� (31)

The expressions for the incident wave 01inc wTw  +=  and r1refl wTw  −=  for 
the field of reflected wave, matriciant of the first medium (19) and matrix (20) 
allow us to write in an explicit form field of the incident heat and reflected elastic 
and thermal waves:







=

=
−

−

zik
0

inc
z

zik
0

inc
z

1T

1T

eqq

eθθ
� (32)

	� (33)

In the system (8), z component of the heat flux, (32) and (33) allow us to 
calculate the energy fluxes of the reflected elastic and thermal waves.

The flow of heat energy is given by
qq θ=Ò � (34)

The flow of elastic energy is

� (35)

IV. Conclusion
In this paper, based on the method matriciant [5] the problem of propagation 

of thermoelastic waves in an anisotropic medium tetragonal syngony of classes 4, 
4/m, in the case of inhomogeneity along the axis Z was considered. In this paper 
we analytically solved the problem of reflection and refraction at the boundary of 
the homogeneous anisotropic thermoelastic media, in the case of the coefficient 
matrices of order 4.  
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АНАЛИЗ ОСНОВНЫХ АЛГОРИТМОВ ПОИСКА 
ЗАИМСТВОВАНИЙ ДЛЯ ПРОВЕРКИ ПИСЬМЕННЫХ 
РАБОТ ОБУЧАЮЩИХСЯ

В настоящей статье автором приводится анализ основных 
алгоритмов поиска заимствований, позволивший подробнее 
познакомиться с их особенностями и выявить возможности для их 
применения.  

Ключевые слова: алгоритм, поиск заимствований, интернет.

С появлением интернета общество столкнулось с одной серьезной 
проблемой – плагиатом. Попав в интернет, информация становится 
доступной абсолютно для всех, что затрудняет соблюдение авторских прав 
настоящего обладателя данной информации. В дальнейшем становится 
еще труднее идентифицировать первоначального автора. Существование 
многочисленных информационных ресурсов, предлагающих бесплатно 
или на коммерческой основе различные виды работ (от рефератов до 
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Рисунок 1 – Социальные взаимоотношения
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