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REFLECTION OF THERMOELASTIC WAVE

ON THE BORDER OF ISOTROPIC HALF-SPACE
AND ANISOTROPIC MEDIUM WITH
THERMOMECHANICAL EFFECT

Analysis for the thermoelastic wave propagation in a tetragonal
syngony anisotropic medium of classes 4,4, 4/m having heterogeneity
along Z axis is investigated in the contexed of matrizant method. For
this medium presence of second order axis symmetry for which Z axis is
parallel is typical. For the case of 4th order matrix coefficients problems of
wave refraction and reflection on the border of homogeneous anisotropic
thermoelastic mediums were solved analytically.

Keywords: Anisotropic medium, thermoelasticity, Fourier heat
equation, harmonic waves, dispersion, periodic structure, matriciant.

I. Introduction

The coupling between thermal and mechanical fields in solid bodies gives
rise to the dynamic theory of thermoelasticity. The theory has many applications
in various engineering fields for instance, earthquake engineering, soil mechanics,
aeronautics, nuclear engineering, ets. It is well known that the classical theory
of thermoelasticity [1,2] rests upon the hypothesis of the Fourier law of heat
conduction, in which the temperature distribution is governed by a parabolic-
type partial differential equation. The theory predicts that a thermal signal is
felt instantaneously everywhere in a body. This is unrealistic from the physical
point of view, especially for short-time responses. To account for the effect of
thermal relaxation, generalized thermoelasticity has been formulated on the basis
of a modified Fourier law, such that the temperature distribution is governed by
a hyperbolic-type equation. Accordingly, heat transfer in solids is regarded as a
wave phenomenon rather than a diffusion phenomenon.

The investigation of wave propagation in anisotropic medium with various
physical and mechanical properties has been carried out with the matricant method
[3,4,5].
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The application of matricants method for non-destructive testing and

wave propagation in thermo elastic media is considered [6]. In the paper [7],
waves propagating along an arbitrary direction in a heat conducting orthotropic
thermoelastic plate are presented by utilizing the normal mode expansion method
in generalized theory of thermo elasticity with one thermal relaxation time. In the
paper [8], authors studied the interaction of free harmonic waves with multilayered
media in generalized thermo elasticity by utilizing the combination of the linear
transformation formation and transfer matrix method approach.

In this paper, we have investigated the wave propagation in anisotropic
inhomogeneous medium. A new method of matricant has been developed. The
structure of matricant for the equation of motion, equations in elastic and equations
of thermo-mechanical medium has been established. Wave propagation in infinite
and finite periodical inhomogeneous media are studied. Solutions obtained are
general and pertain to several special cases. Of these mention: (a) dispersion
characteristics for a multilayered.

I1. Problem and basic relations

Propagation of thermo elastic waves in anisotropic media is based on the
simultaneous solution of equations of motion, the Fourier heat equation and the
equation of heat, which have the form [2]:

o, =0, ()
)
iy T T =iy (2)
g,
&, £,
—t = @, — W= 3
ox, ﬁ‘ " To ®)

where T, — stress tensor, p — density of medium, ,-'ir. — thermal conductivity
¥ :

tensor, ¢, —vector of heat gain, @ — circular frequency, j7, —thermomechanical

parameters of medium, £, — tensor of small Cauchy deformation, 7, — heat
capacity under constant deformation, §=T-T,— temperature increase compared

with the temperature of the natural state T, < 1 for small deformations.

0,
Physical and mechanical quantities are related by Duhamel-Neumann:

ﬂ.r == l:‘:.:rlf:"_:_' _lllj:lt? (4)
Equations (1) — (4) determine the relationship of mechanical stress and

temperature as a function of the independent variables - the thermal field and
deformation.
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Based on the method of separation of variables, equation (1), (2), (3), (4) are
reduced to a system of ordinary differential equations (medium heterogeneity is
assumed along the Z axis, axis z H Ag ):

i

B (5)

Where
W(x,y,z,t)= [u (z2)o,.u(z)o,,u (z)o, ,qz,ﬁ]' exp(iwt —imx —iny) (6)
— column vector of the boundary conditions; while

B=Blc,,(2) B,(z) 6,0,m,n,1] %

— coefficient matrix whose elements contain the parameters of the medium in
which thermoelastic waves propagate; m, n, | - the components of the wave vector.

In this paper, the analysis of the coefficient matrix allowed us to determine
the polarization of the waves and their relationship spreading with the influence
of the thermomechanical effect.

II1. Formulation of the problem

Let’s consider the problem of thermoelastic wave reflection at the interface
between isotropic and anisotropic half-space environment tetragonal syngony
classes 4, 4/m with the thermomechanical effect. Because of the thermo-mechanical
effects in a thermoelastic medium bound thermoelastic waves propagate.

Let the interface is z = 0 plane. We orient anisotropic medium in such way
so that the axis of a Cartesian coordinate system coincide with the corresponding
crystallographic axes. Let on the interface of an isotropic medium heat wave falls,
that is, the heat flux vector lies in the plane of incidence. The plane of incidence
is the plane containing the normal drawn to the interface and the wave vector.

2 m B ™ x#
L sula l
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8 e z
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Figure 1. ke
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el
Figure 1.

In this case, the incident thermal wave in an anisotropic medium is related
to the elastic longitudinal wave of z polarization, and a system of first order
differential equations (5) can be written as:
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System (8) as it was above can be written in matrix form:
dw -
LB ©)
where w={u_,o_,8.q F
[ O b b, 0]
L b, L1 o 0 (10)
i | 1] (1] 0 By
| O —feb, B i

b

The index «2» in front of the coefficient matrix indicates the second medium;
components of the matrix of coefficients (10) have the form:

1 (28,4 5)

& . . b, =-aip,
2 i . 1 £
(8 ¢, ) 1
h;.=—i;fl*g+r—: . l!.?.3=—l.—
gr.'.' T: ! “
Let’s write matricant of the second medium (direct wave):
Ty (0) = %(Eﬂ'aRz) (11)
oL is given by:
1
o= (12)

k02ku2 (ko‘z + kuZ )
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Indlces of «T» and «u2» mean z- components of the wave Vector in the
second medium.
For matrix coefficients from (10)

|1 [ dicb b.b,
| P (=b b, =b e = b, =G ) ] et AL ) (13
o =3 ~bisbu ~bubr ~(bibu = by \|' T WA
k ]I".rb.!: by +(Bby ~bob, ) f1-—1baby
T3 x} ratar b o 13 2 ol k| I'bh.b ﬁ‘{ﬁ‘a-ﬂ (14)
We introduce the notations:
a=-bb, —b.b, (15)
Il ey
A= I}.b _,I';.Jb'__lp ["r S— f]:r’.‘:l‘.ill..ﬁ__l.b_- = (16)
g \  (bb,-b,b, )

We introduce the matrix R, for the matrix coefficients (10), as a result we
obtain:

"0 r, r. O
r., ] 0 r,
H- - ]| - (17)
3 i, 0 0 k
1] —iaxw, ¥ 0]

wherey, = —b., ikl + b b )= b Jb. b fich] +b b, )

Vs = br'q'[bnb:-s'rrfmj: +EJ”El5__) ..
o =—b. b by, + b, \.llldsab'.:" ieb. +byb,. ) v, =b.bb..
Fou = _E:'.':.bz:b"s + b's Jb:rﬁfsff&ﬁf‘ + b]:b&'.'-';l ;_

As in an isotropic medium incident heat wave is not related to the elastic, so
that the structure of the coefficient matrix in this case takes the form:

8 b, 0 0)
b, 0 0 0
B |’
6 0 0 b, (18)
g 0 b 0
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The 1ndex “1” in front of the coefﬁc1ent matrlx means the ﬁrst medlum

2 . me —e ) i iox
b, = sy m—py g —A iz h = s Dy = -
R 7 = Ay Iy

As seen from (18), the coefficient matrix is divided into two matrices of second
order, so matriciant of the first environment can be written by using

1. 4B}, 3
> =—(E+—")e (19)
W ik
As a result, we obtain
i r & s )
1 o+ o9y ) i
K, 0 0
. J.b e:.a_,_— J.b_l e i
- =|x kl. 1 o0 5 +10 0 | t A_” 3 (20)
':' ®oa A 00 +% J
i ﬂ_,l L9 l=r.'.

where K vi and 'k:l — z-components of the first medium’s wave vectors.
ka1 == B2l | K =4—body, (21)

Substituting in the definition of the matrix G matricant of the second medium
atz=0 (11), with the structure of the matrix (17), and matricant of the first medium
at z= 0 (20), we obtain the matrix

#Hn 0 0 g, :
0 g5 gn 0O (22)
0 gp Eun 0
Ex 0 D g
with elements

i

i, S 2B, by 4 kgyri ez ) g =— ..E'EJ-_.-’EH_.."HH_I
a, 4
2B, (b, kg raee) bk po Jieoh, K, 0
R Wi Yay O s ol LY S 1 il
& A, *Ea A, e 4
g 20,00, +h ) 2edh kst
g.": d__ i £ j "

I



Vector of the incident wave amplitude can be written as:

wo =(00, 00 4, )t (23)

Condition (23) relates the amplitude of the temperature increment 6, and

heat flux 4o of fields of the incident heat wave

ib. k.
. Lg. HIH &, m =Ll g
ST += %, 1 (24)
The expression for the matrix G (22), the vector of the incident wave

amplitude (23) allow us to write the vector of amplitudes of reflected and refracted
waves:

[w, = 2.4
|o, = .8,
{ﬂ‘. &, (25)
|g, = 2.4,
v, = 2,4,
O = By

(26)
& =(1+g,)8
g, =1 1+g.)q,

From the expression for the vectors of amplitudes of reflected and refracted
waves (25) and (26) it can be seen that due to the fall of the heat wave u, =u,
and o, =0,.

Conditions (19) and (20):

w,,(0) =T, (0)w, =,

Wreﬁ (0)= T2+ (0)"_{’[ = "T}t (28)

relate the amplitude of the displacement and stress and the amplitude of temperature
and heat flux of reflected and refracted waves:

ky, ib,,

i, - =i, OF F, == i, (29)

@27

i m": ar Jf'-'.i
S U Sl (30)
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D S g o =l A e e 8 o R T R B T 8 e e e R el S

(u, =iafr.o +r,8 )

&, =i K ¥ g, )

| @ = faf =feoru, + g, ) G
\g, = icl —ier, o, +r,8 )

The expressions for the incident wave W, = T;"W, and W,z =T; W, for
the field of reflected wave, matriciant of the first medium (19) and matrix (20)
allow us to write in an explicit form field of the incident heat and reflected elastic

and thermal waves:

inc __ —k 7z
0. =06e

4 - (32)
q; = qqge kriz
E4_;'1:.-. 24 fI,:;.E"*.“ [
il iy iz
|9z =B2:%%¢ (33)

67 = g 33607

9% = gogoe™™"
In the system (8), z component of the heat flux, (32) and (33) allow us to
calculate the energy fluxes of the reflected elastic and thermal waves.
The flow of heat energy is given by

9, =04 (34)

The flow of elastic energy is

Ty Sy = (35)

IV. Conclusion

In this paper, based on the method matriciant [5] the problem of propagation
of thermoelastic waves in an anisotropic medium tetragonal syngony of classes 4,
4/m, in the case of inhomogeneity along the axis Z was considered. In this paper
we analytically solved the problem of reflection and refraction at the boundary of
the homogeneous anisotropic thermoelastic media, in the case of the coefficient
matrices of order 4.
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TepmoMexaHUKAaABIK dpdekTici 6ap aHH30TPONTHI OPTAHBIH
TETPAroHAJABIK CHHTOHUSIHBIH 4, 4 , 4/m KJIacCTAPBbIHBIH K9HE H30TPONTHI
JKapThLIali KeHICTIKTIH 061y meKapachbIHAAFbI TOJIKBIHAAPIbIH IIAFbLIY ece0i
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H. A. Henynoé!, A. K. Ceiimxanoed?®, T. I'. Kucukos®

3agaya oTpa)keHHs BOJH Ha rpaHuLe pa3gea H30TPONMHOIO
NOJIYNPOCTPAHCTBA M AHU30TPONHOI CpeAbl TETPArOHAJIBbHON CHHTOHHM
KaaccoB 4, 4, 4/m ¢ TepMoMexanHuecKuM IPdexTom
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Maxanaoa Tepmomexanurkanvix s¢pgpexmici bap anuzomponmol
OpMAHbIY MEeMpPa2oHAnIOblK CuHeOHUAHbIY 4, 4, 4/m xnaccmapulnoiy
JHCOHE UBOMPONMbBL HCAPMBLIAL KeHICMIKmMiYy 661y WeKapacblHOazbl
MOAKBIHOAPObIY WABLLITY ecebi Kapacmblpbli2aH.

B cmamve asmop paccmampueaem 3adavy ompaxcenus 60aH HA
spanuye pazoena u30mponHo20 NOIYNPOCMPAHCINGA U AHUSOMPONHOTL CPeOb
mempazonanvhot cuneonuu kiaccos 4, 4, 4/m ¢ mepmomexanuyeckum
agppexmonm.

YK 004.421

4. C. Haiimarnoea', E. C. Mockog4eHKO?
'monenT, K.m.H., *MarucTpanT, [laBrnonapckuil rocynapcTBEeHHbIH YHHBEPCHTET
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AHAJIN3 OCHOBHBbIX AJIFTOPUTMOB INOUCKA
3AUMCTBOBAHUW 1151 TPOBEPKN MUCbMEHHbIX
PABOT OBYYAROLUNXCA

B HClCmO}lLL;EZZ cmambve aemopom npu@odumCﬂ AHAJIU3 OCHOBHbIX
aleopummoe noucka 3auMcm606aHuzZ, Nn03601UBUUL n00p06Hee
NO3HAKOMUMBCSL C UX OCOOEHHOCTSIMU U BbIS8UMb BO3MONCHOCIU OIS UX
NPUMEHEHUA.

Knrouesvie crnosa: ancopumm, nOUCK 3auMCm6060Huﬁ, UHmMepHem.

C mosiBIICHHEM HMHTEPHETa OOIIECTBO CTOJKHYJIOCH C OJHOU Cephe3HOM
npobieMoil — muaruatoM. [lonaB B MHTEpHET, HHPOPMALHSI CTAHOBUTCS
JIOCTYITHOU aOCOJFOTHO JUTS BCEX, YTO 3aTPYAHSICT COONFOICHIE aBTOPCKUX MPaB
HACTOSIIIEro o0JiamaTeNs NaHHOW MH(popManuu. B manpHEHIeM CTaHOBUTCS
elle TpyAHee UACHTU(PHUIMPOBATH TIEPBOHAYATBLHOrO aBTopa. CyIecTBOBaHME
MHOTOYHCJICHHBIX HHQOPMAIMOHHBIX PECYPCOB, MpeIaralonux 0ecIuiaTHO
WU Ha KOMMEPYECKOH OCHOBE pas3liMyHbIC BUIBI padoT (0T pedepaToB 10
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