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The voltage concentration in the vicinity of spherical mine workings
of deep foundations

A solution for the determination of voltage concentrations in the vicinity of spherical mine workings of deep
foundations is given. A system of differential equations of equilibrium in a spherical coordinate system is
used for solving the task. The case of spheroidal deformation in axisymmetric loading is considered.

Key words: mining, elastic deformation, movement vectors, differential equations, boundary value problems.

The system of differential equations of equilibrium in a spherical coordinate system has the following
form [1]:

0c,, 10c, 1 0o, 1
+= + +—(20,, —0,, =G4, +0,,ctg0) =0,
or r 00 rsin® OA r( 11~ 0 ~ Oy +0,c1g0)

os,, 100, 1 Oo, 1

+— + +—|(o,, —0., )ctgb+30,, |=0, 1

or r 00 rsin® OA r[( 2 33) & 12] M

oG, +18623 N 1 Oo,,

or r 00 rsin@® OA

where o, (i, j= 1,2,3) are the components of voltage tensor; », 0, A are the spherical coordinates, and 7 is

+ l(3cs13 +20,,ctgf) =0,
r

the radius, 0 is the co latitude, A is the longitude.

Since gasholder and oil storage are arranged usually among rocks of incompressible material, we use
appropriate physics' law that establishes the connection between the components of voltage and strain ten-
SOrS:

o, —9,0=2Gg,, 2)
where &, is the Kronecker sign, o is the average voltage; ¢, is the components of strain tensor; G is the

shear modulus.
The components of the strain tensor and elastic movements are connected by Cauchy correlations in the
spherical coordinate system:
Ou, 10u, u
& == Ep ="t
or roe r

1 oOu, u, u
€y = 4 Ze1gh+ L
ST rsme an 8y

_1(%+1%_u_zj.

T T )
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1 1 Ou Ouy; uy
€3 =7 T T T )
2\rsin®@ oL or r

1 ( Ou, 1 ou,
€y =—| —= +———>—u,ctgd 3
& 2r(69 snb oA e j )
For an incompressible material dilatancy € =¢,, +¢,, + €;; =0. And using the formula (3) it can be writ-

ten as

Ou ou 1 Ou
O = = (e, +ey,) = o2t —— 23 4y c1g®+ 2u 4
ar ( 2 33) 20  sinB on 2 4 it (4)
The first of equations (1) is represented as the formula below
(V2 +2)u, +r2 2t Ty, 0 1" 00 -0, )
or’ or G o
where the following formula:
2 2
V= 0 —+ctgb— 8 12 8_2
00’ 69 sin” 0 OA
is the Beltrami differential operator [2].
From the last two equations (1) we have the formula:
3
Vig—Gv: i, Ga”l 6G6u1 6624 _ o, ()
r or’ or’ or
We take the solutions of equations (5) and (6) as given below:
u = Zumm P (cos6)cosm; (7)
c= ZGOm P" (cos0)cosm, (3)

where P_n * m (cos 0) is the Legendre functlon of the first type of the factual argument x = cos0 ( is the
power, m is the order of this function). Substituting (7) and (8) into (6) and taking into consideration the
identity [3]:

V2P (cosB)cosmh =—n(n+1)P" (cos®)cosmA,

We have the following formula without index m

_ G 3d Uy, (1) 2d Uy (r ) dulo(”)
o (r) = rn(n+1) { dr’ —or dr’ [ (n+D)- 6] } ©)
Substituting the equation (9) into (5), we have
r du(r) u104(r) +8 s du (1) + [12 2n n + I)J x r? 2 47 ()
dr ar’ dr
—4rn(n+1)—2-—= 2( r) [ (n+1) —2n(n+1)}u10(r)=0. (10)

This is the Euler equation of the fourth rate [4].
The last two equations (1) have the following form:

2 2 '
POt o0 ,0n | O —13( 262,25, j+.ia—x,
or’ or 0 orod G o6 r r sin§ oA
, Ou, N r%:_z 1 ou r o’u,

or? or sin© 87» sme arax
r a( 2G——2£ulj 2
00

G sind o r
where the quantity

—l[%ﬂlct 0- ! %j
=510 T Tsino an /)

corresponds the radial component of the vector's rotor displacement and characterizes the rotation of element
which is normal to the radius relatively to the radial axis.
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The voltage concentration...

In the case of ax symmetric loading, the value of y 0 and torsional deformation are absent. Thus we
have the case of spheroidal deformation.

In this case, the system of differential equations of equilibrium (1) considering (4), (7), (8) and also the
representation of displacement u, in the form

dP (cos©
U, = uzo(r)g,

do
reduced to the system of two ordinary differential equations of Euler - homogeneous (10) and inhomogeneous:

2 3 2
r d Zzoz(”) +2r du;? (r) = ( ! 1) X {r3 d 2103(’”) +6r7 d ZIOZ(F) +6r du;; (r)} (11)
r r n(n+ r r r
Particular solutions of the Euler equation (12) is in the form of
u,(ry=r°. (12)

Substituting (18) into (12), we have the characteristic equation
pt+2p’ —(1+2n2 +2n)p2 —2p(l+n2 +n)-|—n4 +2n° —n* —2n=0.
The roots of this equation
p,=n+l; p,=n-1, p,=-n; p,=-n-2.
The two first roots correspond internal task, the two last roots correspond the external marginal tasks.
The general solution of equation (10) has the form
u,(r)=Cr" +C,r" +Cp™" +Cyr ", (13)

where C,, C,, C;, C,— are arbitrary constants of integration.

In the case of an ax symmetric task for the determination of u,,(r) it is sufficient to find a particular so-
lution of the inhomogeneous equation (11), since the right-hand side of this equation includes defined func-
tion u,,(r), which depends on four arbitrary constants of integration.

Solving the internal and external marginal tasks in the ax symmetric case the required quantities contain
four arbitrary constants of integration.

We define the expression on the right part of equation (11) taking into consideration (13). We find the
partial derivatives of function (21) and substitute them into equation (11). Then we have:

2
r ddi‘;o +2r d””r(r) = Ar" A A A (14)
where
Alzclw; A, =C,(n—1); A3:_C3w; A, =—C,(n+2). (15)
n n+

Particular solution of equation (14) can be found as follows:
a) If n>2, then the decision will be
uyy(r)=Br"" + B, + By + Br ", (16)
where B,,B,,B,,B,— are undetermined coefficients.
Differentiating (16) and substituting in equation (14), using (15) we have

=G (n+3); Bzzg; ;=G (1’1—2); B, =~ S ;
n(n+1) n(n+1) (n+1)
0) If n=1, then equation (14) considering (15) takes the form
2 dzuzoz(”) 1 duty, (r)
dr dr
The characteristic equation corresponding to (17) of the inhomogeneous differential equation have the

roots: k, =0; k=-1.
The general solution will be [u,, (r)]l =C,+Cyr .

=12C,r* =3C,r". (17)

We define a particular solution of the inhomogeneous equation (17) in the form
[uzo (r)]2 =Ar’ + Br~. (18)
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Substituting (18) into (17), we have 4=2C,, B= —%C4. Then the general solution of the inhomoge-

neous equation (17) will be u,,(r) =2C#*> +C, + Cyr”"' —%CJS;

c¢) The case n=0 was considered earlier [5].

According to Cauchy relations (3) we find the components of the strain tensor, the generalized Hooke's
law (the components of voltage tensor). To determine the arbitrary constants of integration the boundary
conditions should be used.
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E.Apunos, H.A.Ucnynos

Tepen opHanackaH cepa TypiHIeri Tay-KeH TYTKbIP MAHAWbIHIAFbI
KepHeyJIepAiH WOFbIPJAHYbI

Tepen opHanackan cdepa TypiHIeri Tay-KeH TYTKbIp MaHAHBIHAAFbl KepHEYJIep/iH IIOFBIPIAHYbIH aHBIKTAY
ecentepiHin memimzepi Oepinren. Ecenti memy ymiH cdepasslk  koopamHaTamap OKyHeciHnme
b depeHImanabK TeHAeyIep Kykeci KongaHpuiabl. OCh CUMMETPHSIIBL JKYKTEYle chepOonalibl ChIFbLTY
JKaraiibl KapacThIPBUIABI.

E.Apunos, H.A.Ucnynos

KoHuenTpanusi Hanpsi>keHWii B OKPECTHOCTH FOPHBIX BHIPAGOTOK
cepuueckoii popMbl ri1y00KOro 3a/10:KeHUS

B cratee maHo peleHue 11 ONPEAeNeHUs] KOHIIEHTPALUi HaIPsKEHUs] B OKPECTHOCTH TOPHBIX BBIPAOOTOK
cdepuueckoit Hopmbl IyOOKoro 3anoxkeHus. s perieHus 3ajaud UCMOJIb30BaHa cucTteMa aAudepeHun-
IBHBIX YPaBHCHUH paBHOBecHs B cepuueckoil cucteme koopauHat. PaccMoTpeH ciyuaii cdeponnanbHoit
JedopMaru Mpu 0CECUMMETPUYHOM Harpy>KEHUH.
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