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'L.N. Gumilyov Eurasian National University, Astana;
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3S. Toraygyrov Paviodar State University (E-mail: nurlybek_79@mail.ru)

The attenuation coefficient and the velocity of thermal and elastic waves
in orthorhombic syngony anisotropic media classes 222 and mm2

The relevance of research of wave propagation patterns in elastic medium with thermomechanical effect is re-
lated to the need to solve theoretical and applied problems of geophysics, seismology, mechanics of compo-
site materials, etc. Bound equations of motion and heat conduction equation differ by complexity and an
abundance of physical and mechanical parameters. In connection with this there is a rapidly developing
branch of mechanics of deformable solids - thermoelasticity. Within this framework, based on the use of cer-
tain physical and mechanical properties of anisotropic medium, we study bound thermal and mechanical
fields. In this paper, based on the method of matriciant, we identify the types of dependencies of velocities
and attenuation coefficients of bound thermoelastic waves of frequency; high-quality graphics of velocities
and damping coefficients of frequency are constructed under changing the parameters of the medium (ther-
mo-mechanical parameters, temperature and thermal conductivity).

Key words: Anisotropic medium, thermoelasticity, Fourier heat equation, harmonic waves, dispersion, peri-
odic structure, matriciant.

Introduction

The dynamical theory of thermoelasticity is the study of dynamical interaction between thermal and
mechanical fields in solid bodies and is of much importance in various engineering fields such as earthquake
engineering, soil dynamics, aeronautics, nuclear reactors, ets. It is well known that the classical theory of
thermoelasticity [1, 2] rests upon the hypothesis of the Fourier law of heat conduction, in which the tempera-
ture distribution is governed by a parabolic-type partial differential equation. The theory predicts that a ther-
mal signal is felt instantaneously everywhere in a body. This is unrealistic from the physical point of view,
especially for short-time responses. To account for the effect of thermal relaxation, generalized
thermoelasticity has been formulated on the basis of a modified Fourier law such that the temperature distri-
bution is governed by a hyperbolic-type equation. Accordingly, heat transport in solids is regarded as a wave
phenomenon rather than a diffusion phenomenon.

The wave propagation in anisotropic inhomogeneous medium is considered. A new method of
matricant has been developed. The method of matricant allows to investigate wave processing in anisotropic
medium with various physical and mechanical properties [3—5].

The structure of matricant for the equation motion elastic media equations, equations of thermo-
mechanical medium has been established. Wave propagation in infinite and finite periodical inhomogeneous
media are studied.

The application of matricants method for non-destructive testing and wave propagation in thermo elas-
tic media is considered [6].

In the paper [7], waves propagating along an arbitrary direction in a heat conducting orthotropic
thermoelastic plate are presented by utilizing the normal mode expansion method in generalized theory of
thermoelasticity with one thermal relaxation time. In the paper [8], authors studied the interaction of free
harmonic waves with multilayered media in generalized thermoelasticity by utilizing the combination of the
linear transformation formation and transfer matrix method approach. Solutions obtained are generaland per-
tain to several special cases. Of these mention: (a) dispersion characteristics for a multilayered.

A Matriciant Method

At the present days solving wide range theoretical and applied problems of continuum dynamics re-
quires more thorough consideration of anisotropy and physical and mechanical properties. The main peculi-
arity of analyzing wave processes in anisotropic medium is inapplicability of physical interpretations and
mathematical methods developed for isotropic medium. It is related to the fact that it is impossible to sepa-
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rate wave field to forward and back waves. The other essential difficulty is an existence of a lot of physical
parameters.

The method of study is an analytical method based on developing matrix techniques to study dynamics
of the elastic layered medium.

The main idea is to deduce initial equations of the continuous medium and equations describing wave
propagation in medium, based on the method of separation of variables, (solutions are represented as plane
waves) to the equivalent set of ordinary differential equations with variable coefficients and then build the
structure of a Matriciant (normalized matrix of fundamental solutions).

The problems of wave propagation in anisotropic medium, propagation of electromagnetic, electro-
elastic, piezoelastic waves in anisotropic dielectrics, propagation of waves in anisotropic elastic and thermo-
elastic medium, propagation of waves in anisotropic dielectric medium with magneto-electric effects, and
orthotropic planes are analyzed by using a matriciant method.

The main advantage of a Matriciant method is equality of describing wave processes under the presence
of one or several physical effects: elastic, thermo-elastic, magneto-elastic, piezo-elastic and magneto-electric,
piezo-magnetic and magneto-electric effects.

In S.K. Tleukenov’s international publications, the structure of the equations of motion matriciants in
inhomogeneous medium were defined [6—8]. These publications were the beginning of a completely new
level of studying the dynamics of inhomogeneous medium with application of that method and corporate
studying of waves different by nature in inhomogeneous and periodically inhomogeneous anisotropic medium.

Consequently, development of the studying techniques and constituting interpretations about wave be-
havior in anisotropic medium should be considered as one of the high priority problem in theoretical physics
and mechanics of deformable solids.

The matrix formulation of the propagation of thermoelastic waves.

Propagation of thermoelastic waves in anisotropic media described by the equations of motion to be
solved together with the Fourier heat equation and the equation of heat flow, which have the form:

Gy :pUi’ (1)
00
ki/'_:_qi’ (2)
ﬁxj
0q. c
Ao jwB. g, —in—=0, 3
ox szyev zoaTO 3)

where 6, — stress tensor, p— density of the medium; 2, — thermal conductivity tensor; g,— the vector

of heat; @ — the angular frequency; 3,

; — thermomechanical constants, B, =f; €

; — the strain tensor, c,

— specific heat at constant strain, 0=7-7, — temperature increase compared with the temperature of the

<=1 for small deformations.

natural state 77,

0
Physical and mechanical quantities are related by relation of Duhamel-Neumann:

6, = Cyu€y — B0 “)
Here ¢ — the elastic parameters; c;i = ¢jiu = Cju = Cuij; €, — the tensor Cauchy for small deformations.

Equations (1)—(4) determine the relationship of mechanical stress and temperature as a function of the
independent variables — the thermal field and deformation.

Thus, the relation (1)—(4) constitute a closed system of thermoelasticity equations, which describes the
propagation of thermoelastic waves.

Based on the method of separation of variables in the case of a harmonic function of time:

[U[ (x,3,2,0); ©,(x,,2,0); 6; qz} = [U[ (2),0,(2), 6; qz}e"(‘”’””‘"”. (5)

The system of equations (1)—(4) reduces to a system of differential equations of first order with variable
coefficients which describes the propagation of harmonic waves:
aw _ BW, (6)
dz
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B=B|c,(z P (Z2),w,m,n . . . .
here [ (2P, (2) J— coefficient matrix whose elements contain the parameters of the medi-
um in which waves propagate thermo elastic; m, n-components of the wave vector K.

The vector w has the form:
W(x,y,z,t) = [uz (2),0_,u.(z2),0_ U, (z),cyz ,0,9. ]l exp(iot —imx —iny). @)

The symbol ! indicates the transpose of the vector — a vector of strings — Column.
The heterogeneity of the medium is assumed along Z. In constructing the coefficient matrix B is used as
a representation of the solution (5), the system of equations (1)—(4) are in the derivatives along the coordi-
nate Z and the excluded components of the stress tensor is not included in the boundary conditions. The mul-
tiplier exp(iof —imx =iny) i omitted throughout.
Solution of the problem

In the case of one dimensional thermoelastic wave propagation in orthorhombic syngony anisotropic
medium coefficients matrix B (if medium parameters are constant) has the following form:

0 b, b, 0
by 0 0 0

B=lg 0 o by | ®
0 —iwb, b, 0
here, coefficients b; are given by:
2
b, =L; b, =&; b, =-'p; by =—io (&+cs} bs =—L.
Cy3 33 Cy3 Ay
Considering condition [5]:
det|B—LE| =0, 9)
for this problem we obtain characteristic equation of the following form:
L =BL+C=0, (10)
where  B=b by, + brsbss, C=bybss(icob; ;7 +b b))
from (10) we obtain:
7‘12,2 = %(bIZbZI + b78b87) * %\/(bIZbZI - b78b87 )2 - 4i®b127b21b78 : (1 1)

If we concede that longitudinal elastic and heat waves propagate unbound that is thermomechanical pa-
rameters [; =0, then roots of characteristic equation (3) will be equal to:

Mo =io [P =[2G (12)
Cy3 A

The first root of the relation (12) gives velocity of longitudinal wave that propagates with attenuation; second
relation determines heat wave.
From the relation (11) we get four roots of characteristic equation (10) having following form:

o P | L 5 o | L 5
k,=%|=| 1+ —=—=%= |+ —i|b———=~D—x |; ky, =% || -———%4= +—i[b+— D—xj. (13)
b 2 V2D-x| 2 ( V2 J 3’4 2 V2D-x| 2 V2
where a= b[gbg] 5 b= b78b87; c=4ia)b172b21b78; D= \/((12 +b2 )2 + (Z(lb —0)2 .
These roots have already taken into account an effect that elastic and heat waves are bound that is
B, #0.

Let's rewrite k;; in (13) in the following form:

ki, = 2% +iv, = 357 + 3,2 (Cosy +iSiny); (14)
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- 1 y .
k., =%x, +iy, =t—| ———+iD +x, |, 15
1,2 T ﬁ(m | 1) (15)

c
2b—— 1 1

where D, =x*+ 2, x =4 14——@ | yp =—|p——JD—x|.
1 X Y X 7 \/EJD——_X' W 2( \/5 X

Roots k3, in (13) are equal:

— 1 -
k3,4 =x X, +ly2 :_E[ﬁil D2 +x2J’ (16)
V2 2

c
where x _4 I—L ; —l b-l—L D—x
S RGN />l ] G '

In an explicit form roots (15) and (16) have following form:

/ A ' ATy + ¢
kl,z —+ Cc.0 (1+l) 1+i[ 21033658 3; 0 +C§3 5 jB; : (17)
205 2 (por; Ty +oc; ey

’ j AT —ic,cihy T,
k,, =i pw 1— 1o pmczn 33320 21050332 ;3 0 B§3 ' (18)
, Cy3 2e5 0y pro’ Ay Iy + o c; ¢

Let's consider root k; in relations (17).
Real and imaginary parts of this root are equal:

3 2
Rek, = [ |14 2uf _Co=@GPAyTy g |, (19)
20y 2\ pro Iy +oc; o

A ATy + 6
Imk, =i [ 1+i[ e 2]833 - (20)
203 2 (p o d Iy +oc; e

From the imaginary part of the root k£, we obtain formula for velocity of heat wave:

e=tis [Phal® )y Pul vaphuly tes g | @1
) c, 2 (p o A, T +c. ey

Real part of this root allows to get attenuation coefficient of heat wave:

[ o A e —oc,phy Ty
k3am = 2}\‘ 1+%[ 2 332 7\‘2 T2 3320 2 jB; . (22)
3 prO AL, t+C G

Now, let's consider positive root &; in relation (18).
Real and imaginary parts of this root allows to get attenuation coefficient and velocity of elastic wave:

ko= 1/p po’ ey by T B (23)
2\ ey (PP AL T+ el e ”
Css 1 ¢, Culy 2
c=,—=|1-— . 24
5 ( 2 (pzoazx;nuczc;]ﬁ%] 2

As a result of the roots (17), (18) high quality graphics, presented below, of dependencies of velocity
and attenuation coefficients of elastic and heat wave from frequency are constructed under, changing the pa-
rameters of the medium (thermo-mechanical parameters, temperature).
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The attenuation coefficient and the velocity...

¢, M/c

o, ¢!

Figure 1. Diagram of velocity c of elastic longitudinal wave and frequency under
different thermomechanical parameters £,

From the given diagram it can be seen that under increase of thermomechanical parameter velocity of
longitudinal elastic wave decreases.

e, M/c

&=

€0
T

T: L>T

A
®, ¢

Figure 2. Elastic longitudinal wave velocity ¢ and frequency diagram
under different temperatures

This diagram indicates that an increase of thermodynamic temperature causes a decrease of velocity of
elastic longitudinal wave. It's related to lattice site oscillation that affects wave velocity.

k3 k3

B> P2 By = B> P2
Tk
///I
///
: o,
Figure 3. diagram of attenuation coefficient k3 of elastic Picture 4. diagram of attenuation coefficient k3 of heat
longitudinal wave and frequency under different wave and frequency under different thermomechanical
thermomechanical parameters f; parameters f3;

It follows from the last diagram that an increase of thermomechanical parameter causes attenuation
of heat wave in anisotropic medium. Under explicit magnitude of frequency ®, which can be derived from
equation (22) there is no interaction of heat and elastic waves that is these waves propagate without

thermoelastic effect and this frequency will be valid under any thermomechanical parameter f3,.
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Conclusion

In this paper, based on the method of matriciant, we identify the types of dependencies of velocities and
attenuation coefficients of bound thermoelastic waves of frequency; high-quality graphics of velocities and
damping coefficients of frequency are constructed under changing the parameters of the medium (thermo-
mechanical parameters, temperature and thermal conductivity).
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C.K.Tniykenos, E.Apunos, H.A.Mcnynos, A.K.CeitiTxanoBa

222 :x9He mm2 KJIACTHI POMOBLIBIK CHHTOHHUSIJIBI AHU30TPONTHI OPTAJIAP/AA KBLIYJIBIK
JKOHe cepmiM/Ii TOJKbIHAAPABIH 61y KoHe KbLIIAMABIK K03 G uuuenTrepi

TepMomexaHUKaIBIK dpGeKTiMEeH O0IaThIH CepHiMIl OpTaTapa TONKBIHABIK IPOLECTePAiH 3aHIbUIBIKTAPIbI
3epTTey ©3€KTiIiri, reopu3nka, CeCMOIOrus, KOMIO3UTTIK MaTepHalaapIblH MEXaHUKACBIHBIH TCOPHUSIIBIK
JKOHE KOJIIAaHOAJbl ecenTepi MIelyinae KaXeTTinirimern OaiianbicTl. baiinanpicKkaH KO3Fajbic TEHaEYyepi
MEH JKBUIYOTKI3TIIITIK TeHAeyaepl (u3nka-MeXaHHKaJIBIK IapaMeTpiIepiH KYPIeiri MeH KeIll OOJybIMEeH
epexmeneneni.  OcpiraH  GaimaHblcThl  JeopManusUIaHATHIH — KaTTBl  JICHE  MEXaHMKACHIHBIH
«TepmocepmiMAiTiK» JAereH Tapaybl KapKblHIbI Aambin Keneai. Ockl OarbITTBIH asChIHAA aHU30TPOIITHI
opTranap/blH Keibip (u3nKa-MexaHHKaIbIK KaCHETTEPiH KOJIaHA OTBIPBIN, GaiJIaHBICKAH >KBUIYJIBIK JKOHE
MeXaHUKAJBIK epicTep 3epTTenmi. Makanana, MaTpULIAHT 9/iCiHIH HeTi3iH/e, )KUUTIKKe Toyel i OaiIaHbICKaH
TEpMOCEPITIM/I TOJIKBIHAAP/IBIH JKbUIIAMABIKTAPEl MEH 011y KO PUIMEHTTEePIHIH TOYSNAUTIKTepAiH Typiepi
QHBIKTAJI/IBL; CEPIIIMJI JKOHE JKBITY TOJKBIHIAPABIH (TePMOMEXaHUKAJIBIK ITapaMeTpIIepAiH a3/IbIFbl Ke31iH/eT1)
JKBULIAMIBIKTAP/BIH JKOHE oIy Kod(QHIMEeHTepiHiH TeMIepaTypaHbIH, KBUTYOTKI3IITIK KO3 PUINEHTIHIH
JKOHE JKHUTIKTIH ©3repiciHe TOye I AUTriHIH canaibl rpaduKTepi ChI3bUIIBL.

C.K.Tneykenos, E.Apunos, H.A.Mcnynos, A.K.CeliTxaHoBa

Ko3¢dunueHTsl 3aTyXaHUsl U CKOPOCTH TENJIOBbIX U YIIPYTUX BOJIH B AHM30TPOIHOM
cpene poMOMYEeCKOl CHHIOHMH KJIACCOB 222 1 mm?2

AKTyalnbHOCTh ~ HCCIIEIOBAaHUSI ~ 3aKOHOMEPHOCTEH  BOJHOBBIX  IIPOLECCOB B  YNPYIHX  cpenax
C TEPMOMEXaHUYECKUM 3(PEKTOM CBsI3aHA ¢ HEOOXOJUMOCTBIO PEIICHHS TEOPETHUECKUX M NMPUKIAIHBIX 3a-
a4 reou3uKy, ceicMOJIOrHH, MEXaHUKN KOMITO3UTHBIX MaTepHaoB U T.1. CBs3aHHbIE YpaBHEHHMS JIBIDKE-
HMS ¥ YPABHEHHMS TEIUIONPOBOAHOCTH OTJIMYAIOTCS CIOKHOCTBIO M O0MINeM (PU3MKO-MEXaHMYECKHX Hapa-
MeTpoB. B CBSI3M C 3THM HHTEHCHBHO DPa3BHMBAaeTCs pas3jiel] MEXaHHKU AeGOpMHPYEeMOro TBEpIOro Teia
«Tepmoynpyroctb». B paMkax 3TOro HampaBJICHHUs, ONUPAsCh Ha HCIIOJIb30BAHUE OINPEIETCHHBIX (HU3MUKO-
MEXAaHMYECKUX CBOUCTB B aHM30TPOIHBIX CpPElax, U3y4aroTCsl CBA3aHHBIC TEIIOBbIE M MEXAHHMYECKHUE IIOJIS.
B craTtbe, Ha OCHOBE MeTOJa MaTPHULAHTA, ONPEAENICHBI BU/IbI 3aBUCUMOCTEH CKOpOCTel M KO3 (PUIMECHTOB
3aTyXaHHMS CBSI3aHHBIX TEPMOYIPYIUX BOJH OT YAaCTOTHI; MOCTPOCHB! KaUeCTBEHHBIE IpaIecKue 3aBHCHMO-
CTH CKOpocTeill 1 KO3 (UIMEHTOB 3aTyXaHUs YIPYTHX U TEIUIOBBIX BOJIH OT YacTOThI TP M3MEHEHUHU Hapa-
METPOB Cpe/ibl (TEPMOMEXaHHUECKOTO apaMeTpa, TEMIIEPaTyphl U K03 duLreHTa TeI0NpPOBOJHOCTH).
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